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Objectives 

 Upon completion of this lesson, you should be able to do the 

following:

– To investigate relationship that may exist among 

continuous variables

– To predict or estimate the value of the response that is 

associated with a fixed outcome of explanatory variable 

– To investigate more complicated relationship among 

different variables

– To investigate the most important explanatory variable 

from the list explanatory variables



Introduction #1 

An understanding of the basic tools is important

 Exploratory and Descriptive Methods: Take a preliminary

look at the data

o check for errors and anomalies

o understand the distribution of each of the variables

o understand the nature and strength of relationships

among variables

o The aim of nearly all studies, including those involving‘

survival’ data, is to extrapolate from observations made on

a sample of individuals to the population as a whole.

Biostatistics



Introduction #2

 Statistical methods considered in this session all involve the analysis

of relationships between measurements made on groups of subjects

or objects.

 Analysis is depended on type of Responses and explanatory variables

– Nominal classifications

– Ordinal classification

– Continuous measurements

 The modelling process involves four steps:

1. Specifying models in two parts: equations linking the response and

explanatory variables, and the probability distribution of the response variable.

2. Estimating parameters used in the models.

3. Checking how well the models fit the actual data.

4. Making inferences; for example, calculating confidence intervals and

testing hypotheses about the parameters.



Type of an Outcome  vs. Measure Determines 

Statistical Methods

Variable Types Statistical Methods

Continuous t-test, ANOVA, linear regression,

etc.;

Dichotomous/categorical Chi-squared test, Fisher’s test,

logistic regression

Count Poisson regression, log-linear, etc

Time-to-event with

censoring

Cox proportional hazards



Motivation for Regression

Regression can be a powerful tool for addressing

three important practical questions.

– prediction,

– isolating the effect of a single predictor, and

– understanding multiple predictors.



Continuous Outcome Variable

 Scatter Plots: Scattering of points around  the  line represents  

variation

 A scatter plot (or scatter diagram) is used to show the 

relationship between two variables

 If a scatter plot once show some sort of linear relationship, we 

can use correlation analysis to measure the strength of linear 

relationship between two variables

o Only concerned with strength of linear relationship and its 

direction

o We consider the two variables equally; as a result no causal 

effect is implied
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Scatter Plot Examples
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Scatter Plot Examples
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Correlation Coefficient

 Correlation is used to quantify the degree to which two 

random continuous variables are related, provided the 

relationship is linear.

 The population correlation coefficient  ρ (rho) measures 

the strength of the association between the variables

 The sample correlation coefficient  r  is an estimate of  ρ

and is used to measure the strength of the linear 

relationship in the sample observations



Features of  ρ and  r

 Unit free

 Range between -1 and 1

 The closer to -1, the stronger the negative linear 

relationship

 The closer to 1, the stronger the positive linear relationship

 The closer to 0, the weaker the linear relationship



r = +0.3 r = +1

Examples of Approximate r  Values
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Calculating the Correlation Coefficient
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where:

r = Sample correlation coefficient

n = Sample size

x = Value of the ‘independent’ variable

y = Value of the ‘dependent’ variable
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Sample correlation coefficient:

or the algebraic equivalent:



Example

Child

Height 

(cm)

Child

Weight

(Kg)

x y xy x2 y2

35 8 280 1225 64

49 9 441 2401 81

27 7 189 729 49

33 6 198 1089 36

60 13 780 3600 169

21 7 147 441 49

45 11 495 2025 121

51 12 612 2601 144

=321 =73 =3142 =14111 =713
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Child weight, x

Child Height, y

Calculation Example

r = 0.886 → relatively strong positive 

linear association between x and y



SPSS out put

SPSS Correlation Output

Analyze /correlate /bivariate /pearson /OK

Correlation between Child height and weight

Correlations

Child 
weight

Child 
height

Child Weight Pearson Correlation 1 0.886

Sig. (2-tailed) 0.003

N 8 8

Child height Pearson Correlation 0.886 1

Sig. (2-tailed) 0.003

N 8 8



Rank correlation coefficient

 The Karl Pearson’s coefficient of correlation cannot be 

used in cases where the direct quantitative measurement of 

the phenomenon under study is not possible. In such 

situations we can use the Spearman’s rank correlation 

coefficient

 The spearman’s rank correlation coefficient, denoted by rs

, measures the correlation between two paired samples of

ranked data. This correlation coefficient is applied to the

ranks in two paired samples (not to the original scores).

The formula for computing rank correlation by this method

is:
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Rank correlation… 

 List the n pairs of ranks; X,Y.

 Find the differences (di ) between the ranks.

 Square these differences and add the squares (di²).

 Compute rs .

 Example: Six paintings were ranked by two judges.

Calculate the rank correlation coefficient.



Solution

Painting First judge

(X) 

Second judge

(Y)

di di²

A
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Significance Test for Correlation

Hypotheses 

H0: ρ = 0 (no correlation) 

HA: ρ ≠ 0 (correlation exists)

Test statistic                      (with n – 2 degrees of freedom)
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Here, the degree of freedom is taken to be n-2 
because, two points can be joined by a straight line 
surely



Example:

Is there evidence of a linear relationship between child 
height and weight at the 0.05 level of significance?

H0: ρ = 0    (No correlation)

H1: ρ ≠ 0    (correlation exists)

 = 0.05 ,   df = 8 - 2  = 6

4.68

28

.8861

.886

2n

r1

r
t

22














Regression Analysis

 Regression analysis is used to:

Predict the value of a dependent variable based on the 

value of at least one independent variable

Explain the impact of changes in an independent 

variable on the dependent variable

Controlling 

 Dependent variable:  the variable we wish to explain. In 

linear regression it is always continuous variable

 Independent variable:  the variable used to explain the 

dependent variable. In linear regression it could have any 

measurement scale have any measurement scale.

../../Independent variable in Linear regression.pptx


Simple Linear Regression Model

Only one independent variable, x

Relationship between  x  and  y  is described 

by a linear function

Changes in  y  are assumed to be caused by 

changes in  x (E[y | x] )



εxββy 10 

Linear component

Population Linear Regression

The population regression model:

Population 
y  intercept 

Population 
Slope
Coefficient 

Random 
Error 
term, or 
residual

Dependent 
Variable Independent 

Variable

Random Error

component



Linear Regression Assumptions

 The relationship between the two variables, x and y is Linear

 Independent observations

 Error values are Normally distributed for any given value of  x

 The probability distribution of the errors has Equal variance

 Fixed independent variables (not random = non-stochastic = given 

values = deterministic); the only randomness in the values of Y

comes from the error term 

 No autocorrelation of the errors (has some similarities with  the 2nd) 

 No outlier distortion



Assumptions viewed pictorially 

LINE (Liner, Independent, Normal and  Equal 

variance) assumptions 

my|x= +  x

~N(my|x s
2
y|x)

Y

X

Identical normal 

distributions of 

errors, all centered on 

the regression line.



Population Linear Regression

Random Error 
for this x value

y

x

Observed 
Value of y 

for xi

Predicted 
Value of y 

for xi

εxββy 10 

xi

Slope = β1

Intercept 
= β0

εi



xbbŷ 10i 

The sample regression line provides an estimate of the 
population regression line

Estimated Regression Model

Estimate of 
the regression 
intercept

Estimate of the 
regression slope

Estimated  
(or predicted) 
y value

Independent 
variable

The individual random error terms  ei have a mean of zero



Least Squares Criterion

 b0 and  b1 are obtained by finding the values of  b0 and

b1 that minimize the sum of the squared residuals
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The Least Squares Equation

 After some application of calculus (derivation) 

and equating it to zero, we can find the 

following:
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 b0 is the estimated average value of y when the 

value of x is zero (provided that x is inside the data 

range considered). 

 Otherwise it shows the portion of the variability of 

the dependent variable left unexplained by the 

independent variables considered

 b1 is the estimated change in the average value of y 

as a result of a one-unit change in x

Interpretation of the Slope and the Intercept



Example: Simple Linear Regression

 A researcher wishes to examine the relationship between 

the amount of  the daily average diets  taken by a cohort of 

20 sample children and the weight gained by them in one 

month (both measured in kg). The content of the food is the 

same for all of them. 

Dependent variable (y) = weight gained in one month 

measured in kilogram

 Independent variable (x) = average weight of diet taken per 

day by a child measured in Kilogram



Sample Data for child weight Model

Weight gained (y)
Diet (x) Weight gained (y) Diet (x)

0.4 0.65 0.86 1.1

0.46 0.66 0.89 1.12

0.55 0.63 0.91 1.20

0.56 0.73 0.93 1.32

0.65 0.78 0.96 1.33

0.67 0.76 0.98 1.35

0.78 0.72 1.02 1.42

0.79 0.84 1.04 1.1

0.80 0.87 1.08 1.5

0.83 0.97 1.11 1.3



Estimation using the computational formula
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From the data we have:

Σx = 20.35,   Σy = 16.27,     Σxy = 17.58,     Σx2 = 22.30         

643.0
20/12.41430.22

20/27.16*35.2057.17
1 
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160.00175.1*643.08135.010  xbyb



Regression Using SPSS

Analyze/ regression/linear….

Coefficients

Model

Unstandardized Coefficients

Standardized 

Coefficients

t Sig.B Std. Error Beta

(Constant)
0.160 .077 2.065 .054

foodweight 0.643 .073 .900 8.772 .000

Weight gained = 0.16 +0.643(food weight)



Interpretation of the Intercept,  b0

 Here, no child had had 0 kilogram of food per day, so for 

foods within the range of sizes observed, 0.16Kg is the 

portion of the weight gained not explained by food.

 Whereas, b1 = 0.643 tells us that the average weight of a 

child increases by 0.643, on average, for each additional 

one kilogram of food taken each day

Weight gained = 0.16 + 0.643(food weight)



Explained and Unexplained Variation

Total variation is made up of two parts:

SSE       SSR       SST 

Total sum of 
Squares

Sum of Squares 
Regression

Sum of Squares 
Error

  2)yy(SST   2)ŷy(SSE  2)yŷ(SSR

where:

= Average value of the dependent variable

y = Observed values of the dependent variable

= Estimated value of y for the given x valueŷ

y
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SSR = (yi - y)2
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 The coefficient of determination is the portion of the total 

variation in the dependent variable that is explained by 

variation in the independent variable

 The coefficient of determination is also called R-squared and 

is denoted as R2

Coefficient of Determination, R2

1R0 2 where

squares of sum total

regressionby  explained squares of sum

SST

SSR
R 2



Coefficient of Determination, R2

In the single independent variable case, the coefficient 
of determination is

Where:

R2 = Coefficient of determination

r = Simple correlation coefficient

22 rR 



Coefficient of Determination, R2 cont…

 The F-test testes the statistical significance of the 

regression of the dependent variable on the 

independent variable: H0: β = 0 

 However, the reliability of the regression equation is 

very commonly measured by the correlation 

coefficient R.

 Equivalently one can check the statistical 

significance of R or R2 using F-test and can reach 

exactly the same F-value as model coefficients’ test 



SPSS output

Model R R Square
Adjusted R 

Square

1 0.900 0.810 0.800

ANOVA

Model
Sum of 
Squares df

Mean 
Square F Sig.

Regression 0.658 1 0.658 76.948 .000

Residual 0.154 18 0.009

Total 0.812 19

0.81
0.812

0.658

SST

SSR
R 2 

Model summary 

81% of the variation in 
children’s weight 

increment is explained 
by variation in food 
weight they took



SPSS output

R R Square
Adjusted R 

Square

Std. Error of the estimate

(the standard deviation of errors)

0.900 0.810 0.800 0.09248

Coefficients

Model

Unstandardized
Coefficients

Standardized 
Coefficients

t Sig.B Std. Error Beta

(Constant) 0.160 0.077 2.065 .054

foodweight 0.643 0.073 0.900 8.772 .000

ANOVA

Model
Sum of 

Squares df
Mean 

Square F Sig.

Regression 0.658 1 0.658 76.948 0.000

Residual 0.154 18 0.009

Total 0.812 19

Root of ‘mean square error’ =  SƐ
Model summary 



Inference about the Slope: t-Test

 t test for a population slope

Is there a linear relationship between x and y?

 Null and alternative hypotheses

H0:  β1 = 0 (no linear relationship)

H1:  β1  0 (linear relationship does exist)

 Test statistic

– 1b

11

s

βb
t


 2nd.f. 

Where:

b1 = Sample regression slope (coefficient)

β1 = Hypothesized slope, usually 0 

sb1 = Estimator of the standard error of the slope



Estimated Regression Equation:

The slope of this model is 0.643 

Does weight of food taken per day affect 
children’s weight?

We have to test it statistically

Inference about the Slope :t Test

Weight gained = 0.16 +0.643(food)



Inferences about the Slope: t-Test    
Example

Conclusion: There is 
sufficient evidence that food 
weight taken per day affects 
children’s weight

1bsb1

Coefficients

Model

Unstandardized

Coefficients

Standardized 

Coefficients

t Sig.B Std. Error Beta

(Constant) 0.160 0.077 2.065 .054

Food weight 0.643 0.073 0.900 8.772 0.000

The calculated t-test is 8.772
which is greater than the 
tabulated one 2.074

Decision: Reject Ho 

1b

1

s

0b
t






Confidence Interval estimation

Coefficients

Model

Unstandardized

Coefficients

Standardized 

Coefficients

t Sig.

95% Confidence 

Interval for B

B
Std. 

Error Beta
Lower 
Bound

Upper 
Bound

(Constant) 0.160 0.077 2.065 .054 -0.003 0.322

Food weight 0.643 0.073 0.900 8.772 0.000 0.489 0.796

Confidence Interval Estimate of the Slope:

df = n-2 = 18, t(0.025,18) = 2.101
1b/21 stb 

The 95%  confidence interval for the slope is (0.489, 0.796).  

Note also that this 95% confidence interval does not include 0.

Look the relationship between all the figures in the blue circles



Multiple linear regression

Multiple Linear Regression (MLR) is a 

statistical method for estimating the 

relationship between a dependent variable 

and two or more independent (or predictor) 

variables.

Function: Ypred = a + b1X1 + B2X2 +… + BnXn



Multiple Linear Regression

Simply, MLR is a method for studying the 

relationship between a dependent variable 

and two or more independent variables.

Purposes: 

Prediction

Explanation

Theory building
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Assumptions of the Linear regression Model

1. Linear Functional form

2. Fixed independent variables

3. Independent observations

4. Representative sample and proper specification of the model 
(no omitted variables)*

5. Normality of the residuals or errors

6. Equality of variance of the errors (homogeneity of residual 
variance)

7. No multicollinearity*

8. No autocorrelation of the errors

9. No outlier distortion

(Most of them, except the 4th and 7th, are mentioned in the simple 
linear regression model assumptions)



Multiple regression

%fat            age            Sex

9.5 23.0 0.0
27.9 23.0 1.0
7.8 27.0 0.0
17.8 27.0 0.0
31.4 39.0 1.0
25.9 41.0 1.0
27.4 45.0 0.0
25.2 49.0 1.0
31.1 50.0 1.0
34.7 53.0 1.0
42.0 53.0 1.0
42.0 54.0 1.0
29.1 54.0 1.0
32.5 56.0 1.0
30.3 57.0 1.0
21.0 57.0 1.0
33.0 58.0 1.0
33.8 58.0 1.0
41.1 60.0 1.0
34.5 61.0 1.0

Example:

Regress the percentage of fat relative 

to body on age and sex

SPSS result on the next slide!



Model Summary

Model R

R 

Square

Adjusted R 

Square

Std. Error of 

the Estimate

Change Statistics

R Square 

Change F Change df1 df2

Sig. F 

Change

1 .729a .532 .506 6.5656 .532 20.440 1 18 .000

2 .794b .631 .587 5.9986 .099 4.564 1 17 .047

a. Predictors: (Constant), sex; b. Predictors: (Constant), sex, age

ANOVA

Model Sum of Squares df Mean Square F Sig.

1 Regression 881.128 1 881.128 20.440 .000a

Residual 775.932 18 43.107

Total 1657.060 19

2 Regression 1045.346 2 522.673 14.525 .000b

Residual 611.714 17 35.983

Total 1657.060 19

a. Predictors: (Constant), sex; b. Predictors: (Constant), sex, age;  c. Dependent Variable: %age of body fat

Coefficients

Model

Unstandardized

Coefficients

Standardized 

Coefficients

t Sig.

95% Confidence 

Interval for B

B Std. Error Beta

Lower 

Bound

Upper 

Bound

1 (Constant) 15.625 3.283 4.760 .000 8.728 22.522

sex 16.594 3.670 .729 4.521 .000 8.883 24.305

2 (Constant) 6.209 5.331 1.165 .260 -5.039 17.457

sex 10.130 4.517 .445 2.243 .039 .600 19.659

age .309 .145 .424 2.136 .047 .004 .614

a. Dependent Variable: %age of body fat  relative to body



Analysis of residuals

 The residuals are given by yobs- yfit, where yobs is the 

observed value of the dependent variable.

 The residual standard deviation is a measure of the average 

difference between the observed y values and those 

predicted or fitted by the model.

 The check the different assumptions and model adequacy, 

we can examine plots of the residuals. 
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Model Diagnosis tests 
Linearity:

– relationship between the dependent variable and each 

continuous explanatory variable is linear

– Scatter plot of the two variables,

– Plot the residual against the variable

Any curvature in the pattern will indicate that a 

nonlinear relationship is more appropriate 

 transformation of the explanatory variable may be 

considered. 
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Model Diagnosis tests 

Independence:

– response variables yi are independent)- this is a 

design issue

Normality:

 response variables are normally distributed

The random errors can be regarded as a random 

sample from a N(0,σ2) distribution, so we can check 

this assumption by checking whether the residuals 

might have come from a normal distribution.

We should look at the standardized residuals

Histogram, Stem and leaf plot, Normal plot of 

residuals
56



Normal Plot of Residuals

– A normal probability plot is found by plotting the residuals 

of the observed sample against the corresponding residuals 

of a standard normal distribution N (0,1)

– If the plot shows a straight line, it is reasonable to assume 

that the observed sample comes from a normal distribution. 

– If the points deviate a lot from a straight line, there is 

evidence against the assumption that the random errors are 

an independent sample from a normal distribution. 
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Constant variance/Homoscedasticity

 Plotting Residuals

– Produce a scatterplot of the standardized residuals against 

the fitted values. 

– Produce a scatterplot of the standardized residuals against 

each of the independent variables.

 Breusch-Pagan test, p-value < 0.05, reject the hypothesis that states that 

variance is homogenous. If assumptions are satisfied, residuals should 

vary randomly around zero and the spread of the residuals should be 

about the same throughout the plot (no systematic patterns)
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Identifying outlier observations

 Plot of residuals, Boxplots

 The  studentized  residuals  can  be  used  for  

identifying  outliers.  

 We should pay attention to studentized residuals that 

exceed +2 or -2

What: 

– An observation with a residual that is larger than 3s 
or a standardized residual larger than 3 (absolute 
value)

Remedies

– Eliminate, Correct,…
59



Identifying Influential observations

 Influential observations are observations that will have 

potential great  influence on  regression  coefficient 

estimates.

 Looking the leverage of observations is helpful to identify 

them

 a point with leverage greater than (2k+2)/n should be 

carefully  examined, where K is the number of predictors 

and n is number of observations
 Consider Cook’s D and DFITS (cut-off point is 4/n)

These measures both combine information on the 

residual and leverage.

Cook’s D and DFITS are very similar except that they 

scale differently but they give us similar answers.
60



Two alternative approaches

 Transformations: Are the measurements approximately normally

distributed on a different measurement scale, e.g. a logarithmic scale? If

so, analyse the data on the transformed scale

• Some statistical packages implement the Box–Cox (Box and Cox, 1964) method

of searching for the most appropriate power transformation

 Non-Parametric methods: Utilise a technique that does not assume a

normal distribution. Such methods are often collectively referred to as

non-parametric methods …



Multicollinearity or Intercorrelation

 If the two independent variables are uncorrelated, we can 
uniquely partition the amount of variance in Y due to X1 and 
X2 and bias is avoided.

 Variance inflation factors (VIF) measure how much the 
variance of the estimated regression coefficients are inflated as 
compared to when the predictor variables are not linearly 
related.

 Small inter-correlations (VIF < 10) between the independent 
variables will not greatly bias the b coefficients.

 However, large inter-correlations will bias the b coefficients 
and for this reason other mathematical procedures are needed
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Multiple Coefficient of Determination, R2 

o In multiple regression ,the corresponding correlation 

coefficient is called Multiple Correlation Coefficient 

 Since there are more than  one independent variables, multiple 

correlation coefficient R is the correlation between the 

observed y and predicted y values while it is between x and y 

in the case of r (simple correlation)

 Unlike the situation for simple correlation, 0 < R < 1, because 

it would be impossible to have a negative correlation between 

the observed and the least-squares predicted values

 The square of a multiple correlation coefficient is of course the 

corresponding coefficient of determination 
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squares of sum total

regressionby  explained squares of sum

SST

SSR
R 2



Multiple Coefficient of Determination, R2 

o R2 will increase when further explanatory variables are 

included to the model even if they do not explain variability 

in the population.

o Therefore, the adjusted R2 adjusts down to compensate for 

the inflation in R2 caused by the number of variables added.
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Choice of the Number of Variables

Multiple regression is a seductive technique: "plug in"

as many predictor variables as you can think of and

usually at least a few of them will come out significant.

This is because one is capitalizing on chance when

simply including as many variables as one can think of

as predictors of some other variable of interest. This

problem is compounded when, in addition, the

number of observations is relatively low.

Intuitively, it is clear that one can hardly draw

conclusions from an analysis of 100 questionnaire

items based on 10 respondents.



• Most authors recommend that one should have at least

10 to 20 times as many observations (cases,

respondents) as one has variables, otherwise the

estimates of the regression line will probably be unstable

• Sometimes we know in advance which variables we wish

to include in a multiple regression model.

• Here it is straightforward to fit a regression model

containing all of those variables. Variables that are not

significant can be omitted and the analysis redone.



• There is no hard rule about this, however.
Sometimes it is desirable to keep a variable in
a model because past experience shows that
it is important (Forward selection, Backward
elimination, Stepwise regression).

• In large samples the omission of non-
significant variables will have little effect on
the other regression coefficients.



“Don’t think—use the computer.”

68


